, ECON 203 e
Final on Costs, Supply, and Equilibrium

Be sure to show your work for all answers, even if the work is simple.

This exam will begin at 18:20 and end at 20:00

1. (5 points) Honor Statement: Please read and sign the following state-
ment:

I promise that my answers to this test are based on my own work with-
out reference to any notes, books, or the assistance of any other person
during the test. I will also not use a calculator or other electronic aid for
calculation during this test.

Name and Surname:
Student ID:
Signature:

2. (10 points) Define the cost function as C'(w,r,Q) = miny g wL + rK
where (L, K) can produce at least @ units of output. Using only algebra
and the definition of cost minimization show that if w > @, r > 7 then
C(w,r,Q) > C(w,7 Q). Let (L*, K*) be the optimal labor and capital
at (w,r).

(a) (8 points) What relationship holds between wL* 4+ rK* and wL* 4+
7K*? How do we know this?

Solution 1 Since w > w, r > 7, L* >0 and K* > 0 we know that:
wL* +rK* > wL* +7K*
(b) (3 points) What relationship holds between wL*+7K* and C (w, 7, Q)?
How do we know this?
Solution 2 (L*, K*) is optimal at (w,r) but it is only a way to
produce Q units at (W, 7) thus we must have
C(w,7 Q) <wL"+7K*

(¢) (4 points) Prove C (w,r,Q) > C (0,7, Q).
By assumption C (w,r,Q) = wL* + rK*, by part a wL* + rK* >
wL* + 7K* and by part b wL* +7K* > C (w, 7, Q), bringing them
together we get:

C(w,r,Q) = wL* +rK* > wL* +7K* > C(@,7,Q)
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c d a b 7 Q(r) Ps(r) CS(r) PS(r) DWL
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3. (31 points total) In a market the supply curve is given by Qs = —c + dPs
where @), is the quantity supplied if the suppliers receive P;, the demand
curve is Qg = a — bP; where ()4 is the quantity demanded if demanders
pay Fy.

(a) (4 points) Find the equilibrium quantity and price in this market.
Solution 3 In equilibrium Ps = Py = P*, and Qs = Q4 = Q* thus

—c+dP = a-—0bP
a—+c
P =
b+d
a+c ad — bc
Qa = ab<b+d) b+d

a+c ad — bc

s —c+dP*=—-c+d =
@ ot ot (b T d) bt d

(b) (6 points) In the graph below graph the supply and demand curve,

mark the equilibrium and find the amount of Consumer and Producer

surplus in this market.

Solution 4 [ will use Qs = —8 + Ps and Qq = 13 — %Pd
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Then for full credit you needed to show me how you found consumer
and producer surplus,

cs = %(26714)6:36

PS = %(1478)6:18
The general formulas are:

s = 5 (P0) - P)Q

PS = L(P' - P (0)Q"

where Py (0) is the price at which the demand curve crosses the ver-
tical axis, and the same for Py (0) with supply. but I was looking for
answers based on the graph. The general solution is:

0 = CL*de
Pi(0) = 3
Ty
CS*l a atc aalfbcii(aalfbc)2
~2\b b+d) b+d 20 (b+d)?
0 = —c+dP,
c
P(0) = <
0 = °
1 /fa+c ¢\ ad—bc
ps = §<b+d_2z) b+d
B i(aalfbc)2
2d (b+d)*

(¢) (15 points) Now the government has imposed a per unit tax of t = 7
in this market. Find the new equilibrium and in the graph below
draw demand and supply, and indicate Consumer Surplus, Producer
Surplus, and Deadweight Loss in this new equilibrium. Also find
the values of Consumer Surplus, Producer Surplus, and Deadweight
Loss.

Solution 5 Now P; = P, + 7, but we still have Qg = Qs thus we

must have:
—c+dP;=a—b(Ps+71)



cS

PS

DWL

1
= b+d(a+cfb7)

1
= —c+dPs(7) ——c+d<b+d(a+c—b7)>

= _Ld (bc — ad + bdr)

b+
€S = 5(Pa(0)~ Pa(r) Q(7)
PS = L(P(r)~P.(0)Q(r)

DWL = 3@ -Q(r)

% <% - (Fld (a+cb¢)+7>> <F1d(bcad+bd7)>
Bord] (bc — ad + bdr)?

1 c 1
1

MO (bc — ad + bdr)®

1 ad — be 1
57’( b+d — <m (bcaderdT)))

1
Ebdb+ d

Now for the graph I will continue using the same set of parameters,



and that means that the tax is 12, Py =10, P; =22, Q* = 2.
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And in this graph you needed to indicate that the CS was the upper
triangle (marked by dashes), the PS was the lower triangle (marked
by dots) and the DWL was the right triangle (marked by a heavy dark
line). Some of you noticed that the remaining box was government
revenue, some of you tried to assign it to either CS or PS—which
meant you were wrong. In this case then:

1

CS = 5(26-22)2=4
1

PS = S(10-8)2=2

DWL = %12(672):24

(d) (6 points) Why is the Deadweight loss a problem? Does this mean
that the government should remove the tax in this market? Explain
your answer.

Solution 6 Most of you forgot to explain why it is a problem. There
are several ways to express this, the simplest is to say that this is a
social loss because for these units the marginal benefit is above the
marginal cost but this potential gain is not captured. On a deeper
level the first welfare theorem states that the competitive equilibrium
is Pareto efficient and thus DWL indicates this market is not Pareto
efficient.

And no, it does not mean that government should remove the taz.
What it does mean that their is a social cost in this market so that



social benefit should be higher than this. The government has to pro-
vide public goods and control externalities, and they need money to do
this. Some of this benefit might be accrued here, because this market
needs a legal system to exist—something not included in our simple
model.

4. (12 points total) About Pareto efficiency.

(a)

(b)

(8 points) Define Pareto Dominance.

Solution 7 An allocation A Pareto dominates an allocation B if
everyone likes A better and some like it more.

(8 points) Define Pareto Efficiency.

Solution 8 An allocation is Pareto efficient if there is no feasible
allocation that Pareto dominates it (but you better have defined that
term right to use this) or

if any change that makes some strictly better off makes others strictly
worse off.

(8 points) Assume two people (a and b) are sharing a cookie, both
always want more of the cookie. An allocation is a share for a (s,)
and a share for b (s;) it is feasible if s, > 0, s, > 0 and s, + s < 1.
What is the set of Pareto efficient allocations? Explain.

Solution 9 s, + s, = 1, if sq + sy < 1 we can give each party
1

5 (1 = (sa + sp)) and make them strictly happier.
(8 points) Describe something that is both morally disgusting to you
and also Pareto efficient, explain why it is Pareto efficient.

Solution 10 I appreciated that some of you used different examples,
and was generous with partial credit. However your example needed
to be something original or your arguing good. One student offered
war, but in most wars both sides say they wish their was a better way,
so... not really.

The example I feel is strongest is a suicide bomber. She or he is giving
up their life—all potential future utility—in exchange for murdering
a bunch of helpless people who generally did absolutely nothing about
the situation they are protesting. Gross, but obviously Pareto efficient
because they bomber is stating this is their best outcome.
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5. (28 points total) Consider an exchange economy, person 1 has the util-

ity function: Uy (C1, F1) = C1F}" and the initial endowment (F?,C}) =
(0,7), person 2 has the utility function Us (Cy, Fy) = CoF and the initial
endowment (Ff,C9) = (p, 7).

(a) (6 points) Find the marginal rate of substitution of both people.

Solution 11

MU pH C
_ f_tR_ G
e o 'R
MU} x B
MRS, — —JXE _ C

(b) (6 points) Find the contract curve in this economy.

Solution 12

Ch Co
ME = XE
Fi+F = d+p
Ci1+Cy = ~+71
F, = 4+p—F
Co = v+17-C

MQZX(’Y+T*01)
F (64+p—F1)

pCi(@+p—F) = x(v+7-C)F
pCi (0 +p—F1) = xF1+yxF1—xCil
pCy(6+p—F)+xCiFi = xFi+vxF
(w(@+p—F1)+xF1)C1 = xFi+yxF
+1
G = xF -

1o + pp — pFy + x P

(¢) (4 points) Show that a conumer with Cobb-Douglass preferences of
U(F,C)=F*C? (a > 0, 8 > 0) maximizes utility over the budget
set pyF' + p.C < I that the optimal consumption bundle is F' =

—a I -8 L : .
el and C' = 2= --. You may use this below even if you can not

show it.

Solution 13 The primary point of this question is to make it feasible
for them to answer the final part without deriving the demand curves.



Their method is unimportant, so I am going to use the bang for the

buck.
MUy _ af _
pr Pf

be _

Pe

MU,
Pe

. . . _FB . .
Solving this we find: C = WAL plugging this into the budget con-

straint gives us:

pfFerCC = 1
Fp )
F4p. (=2 = I
by p (ozpcpf
I
F = ———
pr+ 5By
_ ( ! p_f)i
pr+aBpy 1) vy
o I
a+ B py
And from this we can see that:
rs (s5%)s I
C==Lp, =2/ "y =5
& De «@ Pc pc(a‘i'ﬁ)
or that:
piF+p.C = 1
a I
P - +pcc = 1
f<<a+ﬁpf>>
I
Cp. + = I
I
C = f——
ape + Bpe
_ (5 ! &)i
ape+ Bpe 1 ) pe
_ B 1
- a+f8pe

(d) (2 points) What are the incomes of person 1 and 2 in any Walrasian
equilibrium in this economy. (The formula will include the price of

food and clothing.)

Solution 14 I1 = psd + pcy, lo = prp + peT

(e) (10 points) Find the Walrasian or Competitive equilibrium prices and
the optimal consumptions of person 1 in this economy.



Solution 15 One can solve for either the market for food or clothing,
I will do both.

w1

Fr = ———(psd +pey
1+upf(f )
x 1

F2 — — P +ch
1+pr(fp )

Thus supply equals demand if:

w1 x 1
——— (P +pey) + ———(prp+pc7) =6 +p
1+upf(f ) 1+pr(f :

I will set py =1 for simplicity, and thus what I will be solving for is

Pe/ Dy

[ x 1

(54 pey) + == oT) =6
1+M1(+pcv)+1+xl(p+p7) +p

0+ pH+ox+up
YR TX A+ THX + YRX

C

Then:

no- M 1(5 ( 0+ p+ox+pup )):w5+vup+w5><+w5x
Y+ TX A TpX A+ YR Y+ TX A TpX A+ YRX

14+p1

1 1 d+p+0ox+ 1

o = PTOXTHP ) o) e ——— (yo+

1+p < S-+p+8xtyp ) Y+ TX + TX + VX d+p+dx+pp
YHATXHTEXHYRX

Alternatively I could solve for the market for clothing:

1 1
C ——— (psd + pe
1 1+Mpc(Pf DY)
C 1 —1( + PeT)
T
2 T+ x e Pfp TP

1 1( 0+ pey) + L 1( + PeT) +
PR — c —_— eT) = T
T+ e DfO + Pey T x e pfp+ D 0l

At this point I would set p. =1 and so:

L( d+ )+L( +7) =747
T3 Pro )+ e =7

1

= (yp+Tx+THx+
5+p+5x+up(w X + Tpx + Ypx)

by



This will, of course, be the inverse of the answer found in the answer
key above. Then:

m 1 1
F = (( (Yp 47X+ THX Y
Y # (s O+ Tk mi ) ) \NOH PO+ 1ap
_ e Ay + TEdX + ypdX
YA TX A TRX Y
C ! ! (ye+7x+ + )) ) o+
= T T
1 T+ ST T ot pp (H T TXE T X v
1
= — (v +yp+TO+0
5+p+5x+up(7 P X +79x)

One can easily verify that the two solutions are the same.
6. (8 points) Define the cost function as:

C(w,rQ)= m1}r{1maxwL+7’K w(f(L,K)—Q)

)

You may assume all technical conditions hold. Namely the optimal val-
ues (L*, K*, u*) are all strictly positive, that all appropriate second or-
der conditions hold, and that all derivatives are well defined. Prove that
Mgu:)ﬂl = L* = L(w,r,Q) by proving the envelope theorem for this
problem.

Solution 16
oc oL 0K Ou oL 0K
9p = Ltwgotros =5 (F(LK) = Q) — pfig— — nfuy

However when we look at the first order conditions of this objective func-
tion we see that:

w—pfi = 0
r—pfe =
f(LE)-Q = 0
thus we Tealzze = (f(L,K) — Q) =0, leaving us with
ocC oL 0K 0K
9 = Ltuwgotroo-w fl Mfkaw
oL 0K
= L+ (w— Mfl)—+(7“—ﬂfk) 0

and by rearranging terms we realize that it can be written this way, where
it becomes obvious that since w — pfi = 0 (w — pfi) g—i = 0, and since

r—pfr =0 (r—pfe) 35 =0.
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7. (6 points) Assume that %QTQ > 0, when marginal cost equals average cost
what do we know about average cost? Explain your answer.

Solution 17 It means that average cost is at a minimum.

If the margin is below the average it will bring the average down, if the
margin is above then it will bring it up. Since they are equal the average
must be at its minimum.

A mathematical way to show this is:
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8. Bonus Question (8 points total)' Consider an exchange economy where
up (F1,C1) = min {F1,C1} and ug (Fa, C2) = min {Fs, Cs}, the total sup-
ply of food is ® and the total supply of clothing is 2.

(a) (5 points) Find the contract curve or the set of Pareto efficient allo-
cations, explain your reasoning.

Solution 18 People, this is a bonus question. I can not give points
just for writing something down. Since these are Leontief (perfect
compliments) utility functions person 1 is at their optimum whe F} =
C1, and person 2 if Fo = Cy however

Fi+F = &
Ci+Cy = 20

thus we can not achieve both right away. However notice we can also
write this utility function as:

U — R <G
Ylo >R

and given this situation, neither will object to getting too much cloth-
ing. Say that we want to give o units of food to person 1, how much
clothing do they need?

« S Cl

ISince it is a bonus question grades on this question will not affect the adjustment. I will
add it to your total after calculating the adjustment.
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and how much clothing will the other person need?

Cy > d—a

20 -Cy > P—a
20— (d—a) > C;
dP+a >

Thus the pareto set is F1 = a € [0,®], C € [a, P + a.

(8 points) If (FP,CY) = (¢, ®) what is the final allocation in the
Walrasian equilibrium? What are the prices?

Solution 19 At this allocation Uy = Fy and Uy = Fy, thus they will
not trade because they only want the same good. This means that
pe = 0 because if it was strictly positive they would want to buy more
food—which they can not. Finally if py was zero then of course they
would demand more food, so it can be anything as long as it is strictly
positive: any py > 0.
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