Practice Questions—Chapters 9 to 11

Producer Theory
ECON 203
Kevin Hasker

These questions are to help you prepare for the exams only. Do not turn
them in. Note that not all questions can be completely answered using the
material in the chapter in which they are asked. These are all old exam ques-
tions and often the answers will require material from more than one chapter.
Questions with lower numbers were asked in more recent years.

1 Chapter 9—Production Functions

1. Write down and define the three assumptions that we always make about
the production function. For the production function @ = SK 3 4 VL%
show that it satisfies two of these assumptions. (You can choose which
two to show.)

(a) Free disposal—the firm does not have to use all the inputs it has, thus

MPy, >0 and MPg > 0. 2% = \/—'y>0,6—%:ﬁ6>0,soit
satisifies this assumption.

(b) Diminishing marginal inputs. 6% (MP) = 29 <. aK (MPg) =

OL?
2
a—KOE <0. a—LQf = 42%7 <0, %’% = _41{;%6 < 0 so it satisfies this
assumption.

(¢) Convexisoquants: for A€ [0,1] f(AL+ (1 =X)L, MK+ (1 -\ K') >

ML,K)+ (1=X) f(L',K’). Honestly I hope no one tries to prove
this, the easiest way is to look at the matriz of second derivatives. If
this matriz is negative semi-definite then we are fine.
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since aKQ2 <0 and 2 < 0 this matriz is negatwe definite (note that

we also need K% g;g > 0 this is implied by 2 8K2 <0 and 2L2 <0.)

An alternative definition is that % < 0 where MRTS = %U(LK):Q in

order to get full credit for this you have to substitute in for the nec-
essary quantity of labor:

MPx _ 5gP
VP 3
1 1
M Py i’ P i e
AP, fLE=Q = T = rv— (Q 6)



OMRTS 1 1 _8

0K 2 (K)% Q? <0
stmply showing that
MPg
0 <MPL ) 11 8
=—-——VIL= <0
0K 2 (K)? ¥

1s not enough.

Another simple definition is that the isoquant is bowed towards the
origin, but this does not lend itself to an easy proof.

2. Consider the following production function Q@ = K 3 L% and answer the
following questions about it.

(a) Define free disposal. Does this production function satisfy this as-
sumption? Prove your answer.
Free disposal—if a firm wishes to it can use less of its outputs than it
has. I.e. if it has L units of labor it can use 0 < L < L units. This
means the production function is monotonic, isoquants have negative
slopes, and that the marginal products are weakly positive.
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thus this production function is monotonic.

(b) Define convex isoquants. Does this production function satisfy this
assumption? Argue why your answer is true. Note: I do not require
you to prove your answer for this part.

A convex isoquant is one that is bowed towards the origin, or that if

f(K,L) > Qand f (f(,f/) >Qand0 < a < 1then f (aK+ (1-a)K,aL+(1 —oz)f/) >
@, or that the MRS is decreasing as you go to the right. As to how to

show this, the easiest way is to just state that this is a Cobb-Douglass

function and point out we have been analyzing it all along, thus it

must have convex isoquants. Another way is to show that in your

graph below the isoquant is convex. Formally it will be sufficient if

this production function is concave, which requires that
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Just work towards this answer will be enough to get credit.

(c) Define decreasing returns to scale. Does this production function
satisfy this assumption? Prove your answer. Note: Your answer to
all other questions on this test will not be affected by your answer to
this question.

A production function satisfies decreasing returns to scale if when

you double inputs you get less than double the output. Or more
precisely for ¢t > 1 f (tK,tL) <t¢f (K, L). In this case this requires:
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3. In general when do we expect firms to have Increasing Returns to Scale?
Constant Returns to Scale? Explain why we expect this in both of these
cases.

Increasing returns to scale will happen at relatively low levels of output,
because at these levels of output we have to use less efficient production
methods, as we increase output we switch to better production technologies.
(Like changing from hand production to production line technology.)

Constant returns to scale will happen at relatively high levels of output.
At these levels of output if a firm is going to meaningfully increase output
they will just build another factory, guaranteeing an equal scaling between
outputs and inputs. This is called the replication hypothesis.

Chapter 10—Cost Functions

1. Assume that the total cost function has the arbitrary form c(q), let Fy
be the fixed startup costs and F§, be the fixed sunk costs. Please note



that ¢ (g) includes these costs. In this question I want you to prove that
when average variable costs (AV (') are minimized average variable costs
equal marginal costs (MC).

(a) In terms of this cost function write down average costs or average
total costs (AC), AVC and MC.

a0 = £0

q
AVC = c(q)quu
MC = (q) = dc(q)

dq
(b) What is the objective function that you need to minimize in order to
minimize average variable costs?
7 Fsu
min S~ Tsu (@)
q q
(¢) Find the first order condition of this objective function.
d (Q) _ C(Q) 7Fsu
q ¢

(d) Prove that AVC = MC when AV C is minimized.

(c/ (a) _ C(q)qZ F) g=0%g

=0

q
Cl(q)_c(q)q_Fsu -0
MC—-AVC =0
MC =AVC

2. Assume a firm has the production function Q = 3K2% + 9L3.

(a) Write down the definition of decreasing returns to scale. Does this
production function satisfy decreasing returns to scale?

A production function satisfies decreasing returns to scale if for t > 1
f (L, tK) < tf (L K).
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(b) The Long Run Cost Function.
i. Set up the objective function for the long run cost function.

minmaxwL +rK — pu <3K% +9L3 — Q)
LK

ii. Find the first order conditions.
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iii. Find a function for the optimal amount of labor, L, in terms of
K and input prices.
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w
iv. Find the optimal demand for capital, K.
3K2 +9L% = Q
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v. Find the optimal demand for labor, L.
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vi. Find the long run cost function, and simplify if possible.

OB = wL* +rK*

_ o 17 - 1 w’
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(¢) The Short Run cost function. Assume throughout that the optimal
demand for labor, L, is positive.

i. Set up the objective function for the short run cost function.
rnLinmaxwL +rK —pu <3K% +9L7% — Q)
n
ii. Find the first order conditions.
w — MgL(%)*l —0
2

—(3K% rort —Q) —0
iii. Find the optimal amount of labor, L. Explain your methodology.
Since the second first order condition completely determines the

optimal amount of labor, we only need to satisfy the production
constraint to minimize our costs:

3K? +9L% = Q

9L2 = Q — 3K*
1 2 1,
L= 9K—27\/I_(Q+81Q

iv. Find the short run cost function.

CR = wL* +rK
1

2
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= 3 Q“w+ Kr +
v. State the general envelope theorem and explain the basic reason
it is true. What does this theorem tell us that % is equal to?
The general envelope theorem tells us that when we take the deriv-
atiwe of an optimized function it is the same as the deriwative of
the unoptimized function that it is based on. The reason this is
true that the marginal benefit and marginal cost of all indirect
effects are balanced out, so the net effect of these indirect effects

is zero. This tells us that % =r—uMP,.



vi. Using the short run cost function find the optimal long run de-
mand for capital (K), verify that it is the same as when you
found the long run cost function above.

aa% - 9—12 <r92 +w3? -2 (%) (K)* QwS) =0
1
VE
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which is the same as above.
vii. Find the long run cost function, verify that it is the same as
when you found it above.

|
CER = SR (K) = (QQw T K92 4 K w32 — 2\/K*Qw3>
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. which is the same.
3. For the general envelope theorem:

(a) Explain what the general envelope theorem tells us.

When taking the derivatives of an optimized function they will be the
same as the derivatives of the unoptomized function upon which it is
based. All indirect effects dissapear.

(b) Consider the production function f (L, K, M) where M is materials,
K is capital, and L is labor. Let the price of a unit of labor be w,
the price of a unit of capital be r and the price of a unit of materials
be p.

i. Set up the objective function we would use to find the short run
cost function, C*".

C* = %igmgxwlz-i-?“f(-i-uM— AL, K, M) = Q)



ii. Prove the envelope theorem by finding 88%
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The first order conditions of the problem above are:
w—AfL=p—Au=f(LKM-Q=0

thus the last three terms drop out and M =7r—Afg.

iii. How can we use BC to find the long run cost function?

If % 80” = r—)\fk = O then we have the final first order condition
for the general cost minimization problem, and if we set K so
that this is true then we will have the long run cost function.

4. Assume that a firm has the production function QQ = K3Ls. (Let the
price of a unit of K be r and the price of a unit of L be w).

(a) Define decreasing returns to scale, does this production function sat-
isfy decreasing returns to scale?

A production function satisfies decreasing returns to scale if for A > 1
FOLAK) < A\f(L,K). For this objective function

1 2,12 1 2 1
FOALAK) = (AK)” (AL)s = \°1TsK°Ls =\’ 15 f (L, K)
NHf (LK) < Af (LK)
AFFE <
2 +l — é <1
3 6 6~
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(b) Set up the objective function to find the short run cost function,
CSE,

2
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(¢) Find the short run cost function.
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C*" = Kr+ %Q‘Sw
(d) Show that this cost function is non-increasing in input prices and
homegeneous of degree one in input prices.
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so it is homgeneous of degree one in input prices.



(e) Find the long run demand for Capital.
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(f) Find the long run cost function and show that it can be simplified
to the form C" = w’r"QYA where §,7,7 and A are numbers that

depend on the coefficients of the production function. Note:

Credit

will only be given for finding the proper values of 6,7, and A.

1
Qé %w %+1 .
© 1
ClT:w 3 +7r T Q3+6
3 =T
1 T 6
6 1 ©
3 %+l 3.1
w - 341
T Q7T
6
1 1
T -6
Qs 2/3w\3+T 7T
—u = o (E)3 T
6 3 2 = T
3 %l% 211% 6
TL)TTE Qe
6
2 1
L\TF 1% 20 \FF o
— 5 + 2411 3 2+1
w<2w> Qe 366+7’<lr> Q36
3 6
2 1
2 2 s 1 1 =0
1 TToT ToT % 3+s T 1 "TeT TiT % i+e T
—ww 3Tsr3ts el Q36+TT36w36 T Q36
3 6
A 5
1 2 2 1
i i % 3+3 i i T % 3+3
— £+ £+= + - £+ £+ = + -
—w3tsrs ()QBG vl +ri3tows ()QBG T
3 6
A 3
R INTE | (3\FF
W R QEE (g) +<%>
3 6

(g) Show that the long run cost function is non-decreasing in input prices
and homgeneous of degree one in input prices. Partial credit will be

10




given for proving this using the general form I gave you in the last
part of this problem.

aclr % Clr

= >0
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so it is non-decreasing in input prices.
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C'" (tw,tr,Q) = (tw) 3% (tr)3%s Q3*s 3 4 5
3 6
2 1
‘2j—r+‘2—3—r2 -243—1—1 - T L ?i% 2 %Ji_%
=t3ts ItowitsritsQits <%> +<%>
3 6
1 2
T
=t5s S O (w,r, Q)
=tC" (w,7,Q)

(h) Find the long run demand for labor. Partial credit will be given for
finding this using the general form for the cost function I gave you
above.

Flels % Cr
— 2,1

and the envelope theorem tells us that this is equal to L, thus this is
the long run demand for labor. It can be simplified, but that is not
necessary to get full credit for the question.

5. In this question I want you to prove that for a specific production function
and in general that the cost function is homogeneous of degree one in input
prices, or C (tw, tr, Q) = tC (w,r, Q) for a firm that has two inputs, K or
capital and L or labor.

(a) For the production function Q = K3 L%,
i. In the graph below graph an isoquant when ¢ = 1. Be sure to

11



list at least three points on this isoquant below.

ii. In the same graph find the cost minimizing isocost curve when
2
w=1andr= 4.

6
iii. Now in the same graph find the cost minimizing isocost curve

2
when w = 3 and r = 3%. It is the same.
6

iv. Show in the graph that this means C (3,3{?, 1) =3¢ (1, 3, 1).
6 6
(i

Explain how you could generalize this result to show that C' (tw, tr, Q) =
tC (w,r, Q).

On the graph we can see that

as required.  Obuviously the general insight does not depend on

the value of (w,r,Q) so the result should hold in general.

(b) Now I want you to show the same thing for general production
processes. Let (K*, L*) be the cost minimizing bundle at the input
prices (w,r) and output Q.

i. If arbitrary (K, L) produce at least @) units of output is wL* +
rK* > wL+rK, wL* +rK* < wL + rK, or are we unable to

12



tell? Explain.
wL* +rK* <wL+rK

by definition of cost minimization.
ii. Prove that the cost function is homogenous of degree one in input
prices, or that for ¢t > 0, tC (w,r,Q) = C (tw, tr, Q) .
Since t >0
t(wLl* +rK*) <t(wL+rK)
twL* +trK* <twL +trK

so (K*,L*) are cost minimizing at (tw,tr) thus:

C (tw,tr,Q) =twLl* +trK* =t (wL* +rK*) = tC (w,r,Q)

6. A firm has three inputs, capital (K), labor (L) and pollution or bad air (B)
their production function is @ = f (K, L, B) the government regulates the
firm buy saying that B must be less than some given B, or mathematically
that B < B. Note that you will get severely reduced credit if you assume
a functional form for f (K, L, B).

(a)

What standard assumption do we need to make on the production
function to insure that B = B in any cost minimizing solution?

If the production function satisfies free disposal this will be true.
Le. one can always produce less air pollution than one was planning
on. This guarantees that the marginal products are non-negative.

Set up the firm’s cost minimizing objective function, be sure that you
include two constraints. You may assume that the assumption you
needed for the last part of this question is true.

juin wl+rK ~A(f(K.LB) - Q) u(B - B)

C(w,r,Q,B) =

Find the first order conditions of the cost minimization problem.

w*)\fl:()
r—Afr=0
Afp—p=0
J(E.L,B)—Q=0
B-B=0

State the envelope theorem, or tell me what the envelope theorem
implies.

There are many ways to do this. In essence it says that the deriva-
tives of an optimized function will be the same as the derivatives of
the unoptimized function that it is derived from.

13



(e) Prove the envelope theorem by finding the derivative of this firm’s
cost function with respect to B.

C’(w,nQ,B) :Ln}}anL—i—rK—)\(f(K,L,B) -Q) —M(B—B)
oC oL OK 0O\ ou

—=ptw=+r-=— 7= ([(K,L,B)— Q) — == (B—B)

OB 0B 0B
oL 0K
~ Migs — Migs

oB

from the first order conditions (f (K,L,B)—Q) = (B—B) = 0,
and then we can rearrange the derivatives to be:

oC oL oK
75 ~ W =AM oE+ =AM 55
and we can see that (w — Af;) = (r — Afi) = 0 thus we can see that:

oC %)

[wL + 7K —A(f (K,L,B) — Q) — i (B — B)]

95 "~ 95
thus proving the envelope theorem.

(f) The government wants to find out the firm’s marginal benefit of pol-

lution (B) is not balanced with the marginal social cost of pollution.
Assuming they do not know the firm’s production function how can
they find out what this marginal benefit is? What would they need
to do to find this benefit?
By using the envelope theorem we can see that % = p which is the
marginal benefit of pollution to this firm. In order to find this deriv-
ative they should vary B somewhat, to find out what this marginal
mmpact 1.

7. In this question I want you to prove properties of the cost function for a
firm that has two inputs, K or capital and L or labor. Let (K*, L*) be
the cost minimizing bundle at the input prices (w,r) and output Q.

(a) If arbitrary (K, L) produce at least @) units of output is wL*+rK* >
wL+rK, wL*+rK* <wL+rK, or are we unable to tell? Explain.

wLl* +rK* <wL+rK

because by definition the cost minimizing bundle is cheaper than every
other bundle.

(b) Prove that input demands are homogenous of degree zero in input
prices, or that for ¢t > 0, K (w,r, Q) = K (tw,tr,@) and L (w,r,Q) =
L (tw,tr, Q).
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This means that if wL* +rK* < wL 4 rK then for every t > 0
twL* + trK* < twL + trK. However the latter statement can be
simplified:

twL* +trK* <twL +trK
t(wLl* +rK*) <t(wL+rK)
wLl* +rK* <wL+rK

until it is the former statement. Thus the input demands are ho-
mogenous of degree zero.

(c¢) Prove that the cost function is homogenous of degree one in input
prices, or that for ¢t > 0, tC (w,r, Q) = C (tw,tr, Q) .

C (tw, tr, Q) = twL (tw, tr, Q) + trK (tw, tr, Q)
=twl (w,r,Q) + trK (w,r, Q)
=t(wL (w,r,Q)+rK (w,rQ))
=tC (w,r, Q)

as required. Of course one could answer the last question as a way
to answer this one. There are many other ways of writing the same
thing, but the analysis always boils down to the same fact.

8. Given that a firm has the production function Q = 8K + 2v/L find the
long run cost function. (Let the price of a unit of K be r and the price of
a unit of L be w).

(a) Define free disposal, does this production function satisfy free dis-
posal?

Free disposal means that a firm can always use less of an input then
it has, this implies that the marginal products are positive. In this
problem

which are both positive so yes it does.

(b) Set up the objective function.

minmaxwl + 7K — A (2\/E4+ WI1 - Q)
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(¢) Find the first order conditions.
w— LT =0
r— MK =0
WKA+2VL1—Q =0

(d) Find the "buck for the bang" of Capital (K) and Labor (L).

w 7)\7 T
L3 7 4K3!

(e) Find a formula for Labor in terms of Capital and input prices.

1 1
wLl~2 rK1-z

1 4
1 1
Ll’l:T—Kl’_
2 4w 2
J
e (3)
w
7“2 12
Ty

(f) Find the demand for Capital.

4w
K lQZ 2 42
4 (r12 + w4?)?
(¢) Find the demand for Labor.
r? 12
L= sz 42
V.
w? 42 4 (r12 4+ w42)?
Ll L
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(h) Solve for the long run cost function.

C=wlL+rK
1 55 12 1 5 5 42
=w- +r—=Q"w
19 (r12 + w4?)? 19 (r12 +w4?)?
1 5, rw
19 rer

9. For the production function @ = 8\/? + 2\/f

(a) Find the firm’s short run demand for labor and their short run
cost function, C*" (r,w, K, Q). You may assume that output is high
enough that labor must be used.

5
+

Q
I
ol=]

l=| = ol =
h
=

O
|
ol
I

i(QJ\/I_M)Z L

" (rw, K, Q) = wé—i <Q . 2@4)2 YK

(b) (3 points) Using the short run cost function and the envelope theorem
find the optimal amount of capital.

OCSR 1 1 1
e (5)2%(@2\/7(4)}(2 447

VK 2
\/?r:wéli <Q%\/I_(4)
VEILE _ ok Ry
w 4

1
1 Q3
K== 4L 122+4
w 4
2
K :l 2w2—4 5
4 (4r12 + w4?)
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10.

11.

(¢) (1 point) Verify that the optimal amount of capital you just found is
the same as the long run demand for capital you found in question
2.
The point of this question is merely to be sure that you check. Work-
ing with the short run costs we get

1 5 5 42
K = 1Q% ————;
4 (4712 + w4?)

working with long run costs we get:
1 42
K = _Q2w2 >
4 (r12 + w4?)

and these are clearly the same.

I claim that in general the total cost function contains both economic costs
and accounting costs. Define economic costs and accounting costs and
explain.

An economic cost is a cost like opportunity cost that has to do with the
future possible uses of a good. Indeed one could say that an opportunity
cost is economic costs.

An accounting cost is a cost that has already been paid. FExamples are
sunk costs, but it would also include any wage bills for workers, etceteras.

The total cost function always includes sunk costs, which are clearly ac-
counting costs and not economic costs, so it often includes accounting
costs. It is also based on the opportunity costs of not using resources as
they would be in production, especially for resources owned by the owner
of the firm, these opportunity costs are economic costs, so the statement
s true.

About Economists and Accountants. Define all technical terms you
use and explain all of your answers.

(a) What is the fundamental difference between economists and accoun-
tants?
Of course a question like this will lead to a large variety of answers,
and I will have to accept many different types of answers.  One
could say it is the task of economists and accountants. Accountants
are supposed to tell investors and the government what happened,
Economists are supposed to offer advice on what to do next. This
means that Accountants care about history and Economists only care
about the future.

(b) Which type of costs do accountants think are important but econo-
mists do not? Which type of costs do economists think are important
but economists do not?

18



Accountants care about sunk costs, non-recoverable costs. These are
events that have occurred and can not be changed, exactly the type
of information investors need to know. FEconomists care about op-
portunity costs, or the market value of any good or service a firm
uses. This is what the firm owner could get by not using the good or
service, and is the appropriate guide to decision making.

(¢) What does this tell us about the relationship between accounting

profit and economic profit in the long run?
Economic profit will be zero because there are no sunk costs in the
long run. Thus every input used must be getting its opportunity cost.
Accounting profit will be positive, because it does not include inputs
that are owned by the owner of the firm. Thus Economic Profit is
lower than Accounting profit.

(d) What relationship would we expect between accounting profit and

economic profit in the short run? (Your answer can be that you can
not tell, but you must explain why each case could be true.)
The answer is that it could be either. Economic profit will be higher
when the sunk costs are lower than the opportunity costs of the owner’s
labor and capital. Accounting profit will be higher if the reverse is
true. Thus in the absolute short run (when all costs are sunk) clearly
Economic profit will be higher than Accounting profit, and as the time
frame lengthens relatively speaking Economic profit will decline.

12. Given that a firm has the production function @ = K 3 L7 find the long
run cost function. (Let the price of a unit of K be r and the price of a
unit of L be w).

(a) Set up the objective function.
minmaxwL +rK — p (K%Li — Q)
LK

(b) Find the first order conditions.

1Q
wpgp =0

1Q
7"*#5_:0

_ ( K3L4 — Q) -0
(¢) Find the "buck for the bang" of Capital (K) and Labor (L).

_Luw
_KT
M—ag
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(d) Using the first order conditions find a formula for Labor in terms of
Capital and input prices.

Lw_ Kr
@i @3
r
L=K~—
w2
(e) Find the demand for Capital.
,(K%Li 7Q> -0
1
—(K% (Kﬁ 4—Q> ~0
1
_ iyl (T
@= K= (Qw)
1
()
T
(f) Find the demand for Labor.
T T (2w oy
L=K— = — —
2w @ < T ) 2w
_ %ﬁ<r>1—fhi %2—11<7’>221
= 2w = 2w

or,
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13.

(h) Show that the cost function is homogenous of degree one in input
prices and increasing in input prices.

2 1

C (tw,tr,Q) = Q%@l“) (tr) T (tw) T <2ﬁ + G)_

ow 241
2
?9_0 - %1@1401*”7”2—%*1102—% (2—211 + @) ) >0
T

For the production function Q = K 3L7

(a) Set up the objective function for the short run cost function.

mLinmaxwL+7’K7u <K%Li 7Q>
n
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(b) Find the firm’s short run demand for labor and their short run cost
function, C*" (r, w, K, Q).

~
Il
—~ O
Q
N———
N
|
S |
.

1
ST Qi
C :wLJrrK:wﬁJrrK

(¢) Using the short run cost function and the envelope theorem find the
optimal amount of capital.

4
K wK2+1+T 0
1
Q1
T*ZwKZH

(d) Verify that the optimal amount of capital you just found is the same
as the long run demand for capital you found in the last question.

This question really is just to give you an incentive to do the check.
Of course they are the same in my answers.

14. In a graph:
(a) Draw and label the isoquant where @ = 8 for the production function
Q=Kz3L1.

In general the formula for the isoquant is:

4 2_71L

Qi =K 1L
1
L:Q%
K2

(b) If w = 3 and r = 6 draw and label the isocost line that is just tangent
to the isoquant you found. Be sure to label the points where the

isocost curve crosses the axes and the optimal amount of Labor and
Capital.
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(d)

w =3 and r, = 6, and I can get the demands and cost function from
the question above:

ot T lopoarNE  Lasoa (6T 4 o4
L=Q1 (wQ) _2\/§Qr3 (w) _2\/5623 3 =@ =6 =16
1 1
" 6
C =3L+6K =3(16) + 6 (16) = 144
144 = 3L + 6K

of course I don’t expect your graph to be that exact, but it could be.
The Isocost line is the slanted line in the graph, the optimal inputs
are indicated by the heavy straight lines.

In the same graph draw the cost minimizing isocost line when w
decreases to Q%NL 06 (and r = 6).
2

Using this graph prove that if w > @ then C (w,r,Q) > C (w,r,Q),
or that the cost function is non-decreasing in input prices.

What you need to do is draw an isocost curve which cuts throug/h
the old bundle at the new prices. This would have a cost of %,
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graphically it will cut somewhere between the old cost, 070 and the
new cost, % The proof is that clearly CTI < 070, and then % < 07/
by cost minimization. Many of you wrote something wrong for this
part and then answered the next part of the question by proving the
statement algebraically. I have given you 6 points for that (as if you
had answered this part correctly) since that gives you a higher total.

(e) Explain how you could generalize this graph to show that if w > @
and r > 7 then C (w,r,Q) > C (w, 7, Q).
We have already shown that if w > @ then C(w,r,Q) > C (w,r,Q)
now we need to draw a second graph where v > T then we can show
that C(w,r,Q) > C(w,7,Q) combining the two graphs shows the
general condition, C (w,r,Q) > C (0, r,Q) > C(0,7,Q)

15. Assume that a firm has a production function Q = f (K, L, M, E) where
K is capital with a price of r, L is labor with a price of w, M is materials
with a price of p,, and FE is energy with a price of pe.

(a) State the envelope theorem, or tell me what the envelope theorem
implies.
There are many wordings of this, but the simplest is that when taking
the derivative of an optimized function it is the same as if you took the
derivative of the unoptimized function. In other words the indirect
effect (the effect on the chosen variables) will disappear.

(b) Set up this firms’ cost minimization problem.

C (r,w, pm,Pe, Q) = max uin o PEFwltpn MAp.E+A Q- f(K,L,M,E))

sy AV

(c) Prove the envelope theorem by finding the derivative of this firm’s
cost function with respect to p,,,. You will not get credit if you assume
that the production function has a specific functional form.

The first order conditions are:

r—Afrg=0
'w—)\fL:O
Pm — Afm =0
pe—AfE=0

Q- f(K,L,M,E)=0

When I take the derivative of the function above:
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oC 0K oL oM OE O\

o :M+T0_pe Tzt Py +pea—%+a—pe(62*f(K,L,M,E))
MG Mg~ MuS ~ Mg
=M+ g;i (r—Mx)+ g}i (w—AfL) + g—i{ (Pm — Afu) + gfe (Pe = AfB)
+ 2 Q- 1K 1, M, B))

Ipe

and since by the first order conditions (r — Afx) = (w—Afr) =
(b~ Mat) = (e — Afe) = (Q — f (K, L, M, E)) = 0 this simplifics

to g—zi = M, which is the derivative of the unoptimized function.

16. About the envelope theorem.

(a) Explain what the envelop theorem tells us simply enough that your
10 year old sibling could understand. (2 points will only be awarded
if you do not use the term "derivative" in your answer. You may use
the terms "function" and "optimized" or "optimal.")

For an optimized function the impact of a change is the same as if
the function was not optimized. Not really good enough for a 10 year
old, but fairly simple.

Best Student Answer, and better than mine: Say that the price of
candy bars increases, how much should your allowance increase? If
your parents want to keep you just as happy as before it should be
just enough so that you could buy everything you were before. Ie.
Apcandybars * #C’andybars.

(b) Explain why the statement you made above is true, you may either
use math or English.

In words it is because all of the indirect effects will be wiped out, the
marginal cost and benefit of those effects will be balanced out meaning
that the only effect will be the direct effect.

Mathematically let:

V(w7rap1’7py) = IE?{II}%%;(F(L7K7 X,K'Uj,?",pm,py)

then the first order conditions of the problem are Fr, = Fx = Fx =

Fy =0 thus:
oV OF oL 0K 19,4 oY
0 :%‘FFL%‘FFK%‘FFX%‘FF}’%
_or
T dw
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(c) If C5% (w,r, K, Q) is a short run cost function what does this theorem

tell us ag}s{R is equal to? How can we use this to find the long run

cost function C (w,r, Q)?

By this theorem, 85—;?’ =r — AMPxg, and thus i 85—;1?' = 0 this is
the optimal level of capital for this {w,r,Q} and this tells us what

C(w,r,Q) is.

17. This question is about proving the fact that if w,, > w, and r,, > r, then
c (wm Tn, Q) >C (w07 To, Q)

(a) In the graph below the straight line is the isocost curve given they
need to produce the level of output represented by the isoquant.
Find and label the optimal level of labor and capital L, and K,
respectively, also label the point where the isocost curve crosses the
L axis in terms of the general costs, C, and the price of a unit of
labor, w,.

(b) In the same graph draw a new isocost curve where the only difference
is that the price of capital (r) increases. Prove that the new cost
(Cy,) must be higher than the old cost (C,) using this graph.
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This is the thick isocost curve in the graph above. The point where
it crosses the vertical axis is %: and from the graph it is clear that
G > a0 C, > C.

Explain why the above graph also proves that if both r and w increase
then we must have C (wy, 7, Q) > C (wo, 70, Q).

We can look at each price change in isolation, so the graph above
shows us that C (we, Ty, Q) > C (wy, 1o, Q) and that C (wy,rn, Q) >
C (wo, T, @), we can combine them to get the general statement.

Does the isoquant in the graph on the last page satisfy free disposal?
Convexity? Explain your answer. (Note that the fact that isoquants
i general may mot satisfy these properties that makes the formal
proof below necessary.)

Free disposal—the isoquant is downward sloping so it satisfies free
disposal.

Convezity—drawing a line between any two points on the isoquant
results in a line that is always above the isoquant, so it satisfies con-
vexity.

Let {L,, K, } be the cost minimizing inputs at {w,, r,, @}. For other
{L, K} that will produce at least @ units of output is it true that
wp Ly +1rp Ky < w, L+ 1, K, w, Ly, + 7, K,y > wp L+ 1, K or are
you unable to tell? Why is the inequality the way that it is?

By the definition of cost minimization wy, Ly, + r, K, < w, L+ r, K.
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(f) Explain why wy, Ly 47, Ky > woLn+1,Ky. (This is an easy question,
answering it does not require understanding or answering the rest of
the question.)

Since w,, > w, and r, > r, we have wpL, + oK, > WL, + 1. K,.

(g) Let {L,, K,} be the cost minimizing inputs at {w,,re, Q}. Is we L, +
TolKp < WoLo+1,Ko, WoLly+70K, > wolL,+71,K, or are you unable
to tell? Why is the inequality the way that it is?

Just like before wo Ly, + 7oK, > woL,+1,K, by the definition of cost
minimization.

(h) Combining the statements you just proved; prove the general state-
ment, that if w, > w, and r, > r, then C (wy,, ry, Q) > C (wo, T4, Q).

C (W, T,y Q) = Wp L4y Ky > woLln+r, Ky > wWoLo+10K, = C (Wo, 70, Q)

(i) In this proof why did I start with {L,,, K} instead of {L,, K,}?
In some ways this is most important part of the question. We start
with {Ln, Ky} because since we are minimizing it is always easier
to go down. If we started with {L,, K,} then minimization would
have been working in the opposite direction of the way we wanted the
inequalities to go.

18. In the long run accounting costs are lower than economic costs, in the
short run economic costs are often lower than accounting costs. Explain
why this is true.

Accounting costs do not include opportunity costs, thus in the long run
when there are no sunk costs economic costs must be higher. However
accounting costs do include sunk costs, thus often in the short run they
are higher than economic costs.

19. Assume that the production function is QQ = 2L% + 3K and that the input
demand for both capital and labor is positive.

(a) Set up the objective function for finding the cost function.

minmaxwL +rK — A (2\/f—|— 3K — Q)
LK A

(b) Find the first order conditions of the objective function you just set
up.

w—i:O

VL
r—A=0

2WL+3K—-Q=0
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(¢) Solve for the buck for the bang for labor and capital.

A=wVL
r
A= —
3
(d) By equalizing the buck for the bang conditions find the input demand
for Labor.
r
L=—
v 3
r 2
L= (5)

(e) From the production constraint find the input demand for capital.

WL +3K-Q=0

2,/(&)131{—@:0
2r

1
K==-0—-2=
SQ 9w

(f) Find the cost function.
172 1 2r
C(’U),’I“,Q) = wgﬁ +r (—Q - —E>
1 1,
C(’U),’I",Q) - grQ - %T

(g) Explain the general envelope theorem. You may use the cost function
above to illustrate the concept.
The general envelope theorem tells us that when taking derivatives of
an optimized function all of the indirect effects disappear. This is
because the marginal benefit and marginal cost of these indirect effects
is already balanced out.  To illustrate this with the cost function

above:
o(w,nQ)rE?mfxwLJrrK—A(2\/Z+3K_Q)
aC oL A 0K oA
%_LJF%( _ﬁ>+%(T—A3)+%<2\/E+3K—Q>

but as we showed in part (b) (w - %) =(r—A3)= (2\/E+ 3K — Q) =
0 at the optimal {L, K, \}.
(h) Using the envelope theorem and the cost function found in part (f)

find the demand for labor and capital. You will get partial credit for
this question even if you did not find the cost function in (f)
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1 1
C('UJ,T,Q) = gTQ - %TZ

80717’2
dw  9uw?
oc  Q 2r
o (3) 9w

20. Prove that the Cost function is concave in input prices. Or: C (aw + (1 — o) w,or + (1 — ) 7, Q) >
ol (’U), T, Q) + (1 - Oé) C (’l;), T, Q)

(a) In intuitive terms explain why this relationship should hold.

On the left hand side of this equation the firm basically has one choice,
how to produce at the prices {aw+ (1 — a)w,ar + (1 —a)7}. On
the right hand side they have two choices, how to produce at {w,r}
and how to produce at {w,7}. Since more choice is always better we
get the inequality.

(b) Let {L*, K*} be cost minimizing at {w,r} and {L., K.} be cost
minimizing at {aw + (1 — @)W, ar + (1 —«)7}. Is wly +rK, >
wL* +7K*, wLy + 17Ky < wL* 4+ 7K™, or can we not tell? Why is
this?
wLo +7Ky > wL* +rK* because this is what it means for {L*, K*}
to be cost minimizing at {w,r} .

(c) Using algebra show that: C(aw+ (1 —a)w,ar+(1—a)7,Q) =
a(whe +1Ky) + (1 — @) (WLy + 7K,)

Claw+(1—a)w,ar+ (1 —a)7,Q) =

(cw+ (1= )W) Lo+ (ar+ (1 —a)7) Ky =

oawLy + (1 — )WLy + arKy, + (1 —a) 7K, =

oawLy +arKy, + (1 —a) WLy + (1 —a) 7K, =
a(wly +7Ky) + (1 —a) (WL +7Ky)

(d) Combine the insights of the last two parts to prove the statement.
Clow+ (1—a)w,ar+(1—a)7,Q) =a(wLy +rKy) + (1 — a) (WL, + 7K,)

>a(wl*+rK*)+ (1 —a) (WL, + 7K,)
=aC (w,r,Q)+ (1 —a) (WL + 7K,)

of course by the insight in part (b) we also know that

WLy + 7Ky > WL+ 7K = C (0,7, Q)

30



thus
aC ('UJ, T, Q)+(1 - Oé) (wLD& + fKa) Z aC ('UJ, T, Q)+(1 - Ol) C ('lZJ, 7:7 Q)
and the property is proven.

21. Assume that the production function is QQ = %L% + K and that the input
demand for both labor and capital is positive.

(a) Solve for the short run cost function.

g\/f+K—Q:O

g\/f:Q—K
L%:QEK
2
_ 4 e
L=5(Q-K)

C’SR(w,r,K,Q) :w% (QfK)2+7’K

(b) Let g (r,w, K) =minyg, » f (L, A\, 7,w, K) and {L (w,r, K) , X\ (r,w, K)}
be the minimizing values of the right hand side, or g (r,w, K) =
f(L(w,r, K),A(ryw,K),r,w, K). State and prove the general en-
velope theorem using this function. What does this function tell us

SR .
about the short run cost function when W =07

The general envelope theorem says that %% = %é, %% = %%, a%% =
a%%. To prove this you take the derivative with respect to any of these

variables:
dg _0f  0fOL  0f 0N
or  Or 9L dr  O\or
and note that do to minimization % = % =0.
This tells us that %}?ﬂz =1 — Afx so when %}?ﬂl =0
this is the optimal amount of capital.

(¢) Use the envelope theorem to find the long run cost function.

OCSE (w,r, K, Q) 8

8K :—%M(Q—K)JFTZO
8
T—2—5w(Q—K)
25 r
K=e-%u
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CLE (w,r, K, Q) = CF (w,r, K*, Q)

— _2r)\?
w(w> or(e-21)
5 U)

25 r?
:Q’["——T—

16 w
(d) Using the envelope theorem and the cost functions you found in part
a and c¢ find the demand for labor. You will get partial credit for
explaining how to do this even if you did not find the cost functions.

According to the envelope theorem:

ag«SR _ LSR
w
ag«LR _ LLR
w
CSE 4
w — 3@

and this is obviously the short run demand for labor.

ow 16 w?

22. If a firm has a cost function ¢ (w,r, Q) show that it is non-decreasing in
input prices. Or that if w > @ and r > 7 then ¢ (w,r, Q) > c(w,7, Q).
Notice you can not make any assumptions about the production function.

(a) If {L*, K*} are cost minimizing at the prices {w,r} show that pro-
ducing using {L*, K*} costs less at the input prices {w, 7}.
wLl*+rK* > wl* +7K*

(b) If {E, K } are cost minimizing at the prices {w, 7} show a relation-
ship between the costs of producing using {i, K } and the costs of
producing using {L*, K*} at the prices {w,7}.
since E, K} are cost minimizing at the prices {w, 7} any other com-
bination of inputs at this price setting would cost more.

(¢) Use the previous two arguments to conclude that ¢ (w, r, Q) > ¢ (0,7, Q)

c(w,r,Q) =wL* +rK* > wL* +7K* > wL + 7K = ¢ (0,7, Q)

23. What is the difference between accountants and economists? Name and
define a cost that economists think is a cost and accountants don’t, and a
cost accountants think is a cost and economists don’t.
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24.

25.

26.

Accountants are focused on what happened in the past, economists advise
decision makers and are focused on the future. Economists think oppor-
tunity costs—the value of a good on the marketplace—are important but
accountants think they are ridiculous. Accountants value sunk costs—a
cost which is not recoverable—uwhile economists ignore them.

Define Fixed Start Up costs. Are they part of variable costs? What is
the difference between these costs and Fixed Sunk costs?

A fized start up cost is any cost that must be paid if output is greater than
zero but does mot have to be paid if output is zero. Yes they are part of
variable costs, and the difference between these and Fized Sunk costs is
that fixed sunk costs have to be paid even if output is zero.

Let a firm’s average costs be %, and their marginal costs be dig’”

Prove that this firm’s average costs equal their marginal costs at the quan-
tity that minimizes average costs.

(a) Set up the objective function you would use to minimize average
costs.
. Clq)
min —=
q q
(b) Find the first order condition.

dC(¢)1 C(q)
dg q ¢

(¢) Find a term in the first order condition that is equal to marginal
costs, and another term that is equal to average costs.

Met - act <o
q q

(d) With some algebra prove the statement above.
Multiplying by q does not change the equation, so we have

MC—-AC=0
MC = AC

Assume that a firm has a short run cost function given by C*% (w,r, K, Q) =
g2 _ 3QK
7K* -3

Tw
Before answering this question let me point out that this is mot a cost
function, so the answers will be a little bit funky. You can see it is not a
cost function because it is not homogenous of degree one in input prices.
Also when one finds the long run cost function it is negative, another
problem.
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(a) Find the firm’s short run demand for labor using the envelope theo-
rem. (Remember that w is the wage, or the cost of a unit of labor,
and that this should be a function of w,r, K, and Q).

00" _ QK
ow " rw?

(b) Find the firm’s long run cost function by using the envelope theorem

oCSk 1 Q
oK 2<Z>K3—0

rw
K =62
rw
CLR (’U),’I“, Q) _ EK*Z _ 3QK
4 rw
2 Q 67%
CLR (’U),’I",Q) = 1 (62) -3 ( )
4 rw rw
Q2
- _9r2w2

which is clearly impossible since the marginal cost is negative, sigh.

(c) Define the general envelope theorem.The general envelope theorem
says that whenever you have an optimized function—Ilike a cost function—
the only impact of control variables—like w,r, K and Q—is the direct
effect. The indirect effects disappear. Thus we know that oC°% _ .

I ow
and “5— =1 — AMPy.

27. Assume that you produce output, @, with two inputs: capital (K) and
labor (L). The price of a unit of capital is  and the price of a unit of
labor is w. Assume that {L, K} is cost minimizing at the input prices

{w,r} and that {ﬁ,K} is cost minimizing at {w,7}.

(a) What is the relationship between the cost of producing using inputs
{L, K} and using inputs {f/, K} at the prices {w,7}? Is the cost
of using {L, K} less than or more than the cost of using {I:, K’}7
WL+ 7K > oL+ 7K
since {f/, K} is cost minimizing at {w,7} any other input combina-
tion at the prices {w, 7} would have a higher cost.

(b) Assume that @ < w and that # < r. Prove that C (w,r,Q) >
C (w,,Q), or that the cost function is non-decreasing in input prices.

C(w,nQ):wL_i_rKqu;L—kaz’uA)ﬁ—l—ff{ZC(UA)aﬁQ)
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28. Assume that the production function is Q = 2L% + K and that Q>K
for parts a through f.

(a) Set up the objective function you need to solve in order to find the
short run cost function (where capital (K) is fixed).

mLinm)z\;mxwL +rK —\ (QL% + K — Q)
(b) Find the first order conditions of the objective function you just set
up.
w—AL"% =0
2L + K- Q=0
(c) Explain why you do not need to actually find the first order conditions

to find the short run cost function. Because the production constraint
(Q =2L= + K ) completely determines L.

(d) Find the short run cost function.

()

2
C(Q7w7T7K):w(Q;K> +TK

(e) Explain what the envelope theorem tells us, you may use the short
run cost function to illustrate the concept..In general if

C(Q,w,r,wy) =minwlL +rK +w, M st. Q= f(K,L,M)
or
7 (p,w, T, W) = maxpf (K, L, M) — (wL + rK + w,, M)
or any other such function then:

oc

%—L
in general
oC oL 0K oM
% —L+%(w—MPL)-‘r%(T—MPK)-F%(wm—MPM)

but by optimization we know that (r — M Pr) = 0 and thus all of the
indirect effects drop out.

(f) Find the derivative of the short run cost function with respect to

capital, K.
8C(Q7w7T7K) _ Q_K
0K - w( > )T
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(g) Find the long run cost function, you can only get half credit if you
do not use the envelope theorem. (You can assume that the optimal
amount of labor and capital are both positive.)

o0 (Qw,r,K) Q-K B
G—F'__w(—Q >+r—0
2r —w@Q
Cw

K

_ 2w _
C(Q,w,r)w(Q 2“’ >+7’2T wa

B Q%*w? — 3Qrw + 3r?
- w

29. If a firms production function is:
Q=(L+6)" K}

(a) Set up and solve the cost minimization problem, where the price of
L (labor) is w and the price of K (capital) is r.
ASSUME THAT BOTH L AND K ARE DEMANDED IN STRICTLY
POSITIVE QUANTITIES. (Or the solution is interior.)

i. Set up the Lagrangian.

min/\wL +rK+ A (Q —(L+ 6)(%) K(%))

ii. Solve for the first order conditions.

109
3(L+6)
2Q
T*)\gg
Q- (L+6)5 K% =0

=0

iii. Solve for the “buck for the bang” for both Labor and Capital.

3w
)\fa(LJrG)
_3r
=30

iv. Solve for K in terms of L and input prices.

A K

K:Q%(LH;)
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v. Solve for the demand curve for L using the production constraint

O — (L +(6)3) (2% (L + 6)) ®_,
Q

e ® O

vi. Solve for the demand curve for K

1
W\ '3
K=(27)Q
(b) If r =1 find a condition on w such that the firm will use only capital
in production.
This is a corner solution which means the buck for the bang for labor
must always be higher than the buck for the bang for capital.

T < w
MPyx — MPy,

3r w
56K§36(L+6)

for all L >0 or

3
§K < 18w

1
—K
2 <w

30. Assume that you have a short run cost function:

3
C5F (w,r,Q,K) = wd +rK

2
3

(a) Find the marginal cost of the short run cost function, and establish
whether it is increasing, decreasing or constant.

w

MC =3 2
PLEI
% = 6%@ > 0 increasing

(b) Write down and explain the general envelope theorem.

For an optimized function (like the cost function) the derivative with
regards to exogenous variables (like {w,r,Q, K} above) are the direct
effects alone. The effects on the choice variables (L above) will be
washed out because the marginal benefit and the marginal cost of these
choice variables will be equal.
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(¢) Using the envelope theorem solve for the input demand for capital
and the long run cost function.

oCSE (w,r,Q,K)  2w@? B
oK T 3 K% Fr=0
2 % w % 9
K:<§) (5) et
LR _ wQ® 2 : w E 2
C ('UJ,'I“,Q)— %)+T 3 (7”) Q

(2)F (2% 1)’

_2 3
(6" ()
31. If a firm has the production function Q = In L + 81n K and the price of

labor is w and the price of capital is 7.

(a) Find the short run cost function (where K is fixed.)

mlinwL +rKst. Q=InL+8InK

Q
C(Q,w,r K) :w% +rK

(b) Explain the general envelope theorem. How can this be applied to
find the long run cost function from the short run cost function?

In general if
C(Q,w,r,wy) =minwL +rK +w, M st. Q= f(K,L,M)
or
7 (p,w, T, W) = maxpf (K, L, M) — (wL + rK + w,, M)

or any other such function then:

oC
%fL
in general
oC oL oK oM
% —L+%(w—MPL)-‘r%(T—MPK)-F%(UMH—MPM)
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but by optimization we know that (r — M Pg) = 0 and thus all of the
indirect effects drop out.
This is useful to find the long run cost function because it tells us
that;
80 (Q7 w7 r? K)
0K

or all of the indirect effects of changing capital (in this case changing
labor is the only one) drop out. Thus when MQ@}U{_TKZ =0 we know
we are at the optimal level of capital, or we have found the long run
value of capital for that {Q,w,r}

(¢) Using the envelope theorem find the long run cost function. (Note
you should use the envelop theorem, you will only receive minor credit
for deriving it directly.)

:T—MPK

20 (Q,w,r, K) e? B
T —*8'UJK9 +r=0

QN $
<8we > K
T

C(Q,w,r)=w >8+T(8weQ)9

9
= —w

]3

1 8
9ro9

9]
©l=
fe)

r

32. If your production function is @ = f (L, K), the price of labor is w and
the price of capital is r prove that if L* is the cost minimizing demand
given {Q, w,r} then:

AL <0
Aw —
Note you can only assume this person is a rational cost minimizer.

Assume that w' > w and that {L', K'} are cost minimizing at {w’,r} and
that {L, K} are cost minimizing at {w,r} then we know:

wLl +rK' <w'L+rK
wLl +rK' > wL+rK

or
—(wLl +rK') < — (wL +rK)
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and thus we know that
WLl +rK' +—(wLl +rK') <w'L+rK — (wL + rK)
w Ll —wl <wL—wL
(w —w) L' < (w —w)L
(w —w) L' — (w' —w) L <0
(w' —w) (L' =L)<0

and since Aw = w' —w > 0 we know that

(w' —w) (L — L) 0
Aw = Aw

AL
— <
Awio

AL =L — L as required.

33. Guclu runs a cloth dyeing plant with three main inputs, labor—L, ma-
terials (cloth)—M, and capital (the physical plant)—K. His capital is
fixed at K. The cost of labor is w, of materials is w,, and the capital
costs 7 dollars. His production function is:

Q=L3MiK3
(a) Set up his short run cost minimization problem, i.e. his Lagrangian.
minwL + w M + 7K + A (Q - L%MiK%)

(b) Solve for his short run cost function.

w— A%LéflM%Ki -0
1L2MiK3 0
Y _
1Q
A== =0
YT
1Q
= A== =0
v M

wo L Wy
AQ_A_lQ
2T aM
W Wy
19 1Q
2L 1M

w
L=2"2M

w
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¢ (W, W, K) = wLl* + wy, M* +rK
=w (2w—mM*> +w, M* +rK
w
= 3w, M* +rK

which is a pretty cool trick you must admit. We also have:

K3 \ 2w,
4
= %wiw% Qi +rK
23 Ko

(¢) Using the envelope theorem find his optimal level of capital and his
long run cost function.

Jc(w,wy, K) 43 1 > Q3 B
—61{ 7—52—%wmw3K%+1 +r=0
S I Rk
927" K
i 2
1 4 3 whws _a
Ko = —— 3
993% r @
9
1 P 13
4 3 wiws
= (gartal)
4 3 15 wﬁ%wl% 12
=\oz) = "
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3 1 2Q%
¢ (W, wp, K) = 2—%wﬁl'w3K% +rK
9
3 1 3 43 \Bw
= gguat — 7+ (53)
23 4 3 1_3'11)1%11)1% 12 ° 23
(57) g — QT
23 r13

— rHwlut QB (2.8803)

(d) Explain the envelope theorem using cost minimization as an example.
Why is it a surprising result and why is it true?

The cost function can be written as:

C’(w,r):anilr(le—i-TK—i-)\(Q—f(L,K))

and using this we can see that the effect of changing w on the costs

is:
oC oL 0K of OL of 0K
2w " T"ow T "ow " 0Low VoK 0w
which is an awful mess. Basically this summarizes all direct and
indirect affects of raising the wage. But the envelope theorem points

out we can simplify this dramatically:

oC
%—L
af\ 9L
AT
0K ) ow

and by optimization, w — )\% =0 and r — )\a%% =0 or % =L/
That’s pretty surprising, you must admit. Why is it true? Because
optimization tells us that the marginal cost (w) and the marginal
benefit ( )\% ) must be balanced out, and this means that any indirect
affect (like the affect from altering the amount of labor we demand)
will be wiped out.

34. Why do economists and accountant differ on what is, and what is not
a cost? What major class of costs do accountants consider not costs?
What major class of accounting costs do economists consider not costs?

It is essentially because accountants want to record what happened, their
job is to find out if reports are accurate. Thus they are concerned with
the past. Economists only care about the future, because they want to help
people make decisions.
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For example, Accountants don’t think that opportunity costs are actually
costs, because they are related to someone’s best outside opportunity and
didn’t actually happen. Accountants think that sunk costs—money that
has already been lost paying for a project—should be counted as costs in
the future, but economists do not think so, because they’ve already been
spent, and thus unimportant for future decisions.

35. Consider the two cost functions

1
Ci(q) =25+ §q2

02 (q) = 16+2q

(a) If T tell you one is a long run cost function and one is a short run
cost function associated with the same technology, which one is the
long run cost function? And why?

The relationship we know between long run and short run costs are
that in the long run costs MUST be lower. Hence let us check the

sign of C1(q) — Cs(q):

1 1 1
Ch (q)—Cz(q)=25+§q2—16—2q=9+§q2—2q=§(q—9)2 >0

So we can conclude that Cy (q) is short run cost function and Cs (q)
1s the long run.

(b) What important result in producer theory is illustrated by the above?

Note that the only point at which C1(q) = C2(q) is ¢ = 9. In fact,
at this level of q the long run cost minimizing level of the input which
was fixed in the short run is equal to the fixed short run amount. For
every other value of q, since long run optimum level of the input is
different (less) than the amount which is fixed in the short run, long
run cost is strictly less than the short run at all such q’s. This shows
that geometrically, the long run cost function is the lower envelope
of the short run cost functions corresponding to different levels of the
fized input.

36. Henry’s Hippo Hippodrome (visualize it) uses 3 gardeners for each lawn
mower they buy. The gardeners cost $60 a day and lawn mowers rent for
$10 a day. If the MP of a gardener is 80 and of the lawn mower are 30 are
they minimizing their cost? If not, how should they change their usage of
gardeners and lawn mowers?

Cost minimization requires the employment of the factors until the mar-
ginal product per dollar is equal among all.

MP gardener 80 8
cost of gardener 60 6
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37.

MP lawnmower 30

cost of lawnmower 10

Since they are not equal, we conclude that costs are not minimized. The
MP/cost of gardener (bang for buck) is lower than for a lawnmower, we
should increase the number of lawnmowers and decrease the number of
gardeners employed.

The production function of firm A is Q = 10K°L"> and of it’s competitor
(firm B) is Q = 10K-2L8.

(a)

In the long run show that if they both use the same level of capital
and labor (K = L) then they are equally efficient competitors.

Plugging in K = L into the production of the both firms, we have

Q*=10r°° 1 =10L

QP =10L°*1"® =10L

which implies that firm A, as well as firm B, by employing L units of
labor and L wunits of capital produce 10L units of output. Note that
firm A employs the same amount of labor, L, as firm B; and also the
same amount of capital, L, as firm B. And at the end the amount
they produce is the same, 10L; that is, they are equally efficient com-
petitors.

In the short run, (when capital is fixed, and equal to one for both
firms) which of them is a better competitor (has a higher marginal
product)?

Plugging K =1 into the production function of the firms, we obtain

Q*=10L"% and Q" =10L"®

The marginal products of labor in firm A and B are

A
907 _ (10 % 0.5) L% = M PLA

oL
% =(10%0.8)L7 %% = MPL"?
Then the ratio %,ﬁfﬁ 1s equal to
MPLA 5
MPLE 5008 !

Inequality follows from the fact that L is a positive integer. Then we
find MPLA < MPL® and hence in short-run, when capital is fized,
firm B is more efficient than firm A.
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38. You are in charge of cost control for a metropolitan bus company. A
consultant finds that the cost of running a bus is independent of the num-
ber of people it carries, $30 per run whether you have two people or fifty
(the capacity). Thus during rush hour the average cost per passenger
is 60 cents (when the buses are full) and off-hours the average cost $1.67
because on average 18 people ride on each run. She suggests that you
encourage more rush-hour business when costs are low, and discourage
off-peak business. Do you agree with her? Discuss your answer.

Suppose every hour, there is at least one bus running in a line regardless
of whether there is a passenger or not. That is, there is a constant service
provided which in turn implies that number of busses running in an hour
can be increased or decreased but can not be canceled totally.

If more rush hour business is encouraged, some of the off-peak passengers
will switch to travelling at the peak-hours, making it necessary to add at
least one more trip to the rush-hour, since all busses at this time are full.
This leads a cost of 330, and given our assumption this is an additional
cost, that is the total cost increases by $30. Depending on how many pas-
sengers have switched to the peak-hours the cost will change, for example
if there are 55 more passengers this means two more busses will be neces-
sary and this will increase the costs by $60, since no busses have cancelled
and two more busses are added to the line. The number of busses travel-
ling at the off-peak hour is the same, according to our assumption and to
the given information about the average number of passengers travelling
in these hours. (It is given that there are on average 18 passengers which
in turn implies that there is only one bus at those hours.)

Given the above argument then the consultants advice should not be fol-
lowed, but instead the off-peak businesses should be encouraged if there are
more than one bus travelling at the rush-hour. If by encouraging off-peak
businesses it is possible to make 50 people to travel in different off-peak
hours it would be possible to decrease the number of rush-hour business
without the need to increase the number of busses at the off-peak hours. For
example if 20 people travelling in the rush-hour now travels at 2 o’clock,
and other 20 at 8 o’clock, and the remaining 10 at 4 o’clock, then there
would not be any need to increase the number of busses; but in fact one of
the busses running at the rush-hour, say 6 o’clock, can be cancelled which
will decrease the cost by $30.

The consultant has confused costs with demand. Cost of running a bus
is the same in peak and off-peak hours. Demand is higher in peak hours.
If we want to utilize our fleet more efficiently, we should encourage off-
peak business in order to shift demand from peak to off-peak hours. If
we manage to do that, we may be able to cancel some of the peak-hour
busses without having to add new off-peak busses (since off-peak busses
are running near empty right now)
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3 Chapter 11—Profit Maximization

1. Assume that the cost function is ¢ (¢q) = 15¢q + 5¢> + 32, the fixed startup
costs are Fy = 10.

(a) Find the average total costs, average variable costs, and the marginal

costs.
1 3 4 32
AC — 5q +5q° + 3
q
15 +5¢3 +32-22 1
AVC = ‘”q; =~ (10++5¢" +150)
0
MC = ¢ (q) = EEIQ)=15+15q2

(b) Find the price at which the firm will shut down.

AV C (qsq) = MC (gsa)

1
p (10 4 5¢° + 15¢) = 15 + 15¢>
10 4 5¢> + 15¢ = 15q + 15¢°
10 = 10¢*
1
(1)3 =1= qsd

Psa =15+ 15¢%, = 15+ 15 (1) =15+ 15 =30

(¢) Find the firm’s supply curve.
When the firm produces output:

p =15+ 15¢°
p— 15 = 15¢°

p—15 %7
15 =49

s(p):{ (%15)% if p=30

0 if p<30

2. Let the total costs of a firm be TC' (Q) = ¢(Q) + Fst + Fy,, where Fgt > 0
are fixed start up costs and Fy, > 0 are fixed sunk costs. Assume that
c (Q) > 0 and that ¢” (Q) > 0.

(a) Define marginal costs, average costs, and average variable costs for
this general cost function.
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MC =¢(Q)
C(Q)+Fst+Fsu
Q

A :C(Q)+Fst
vc 0

(b) In the graph below draw marginal costs, average costs, and average

variable costs, make sure that the relationship between the functions
is precise. If you do not trust your skills at drawing the relationship
you may want to mention key points of your graph below.
Though it will be clear in my graph (since I am basing it on a real
function) in general one needs to be careful to show that when AC =
MC and AVC = MC it is at the minimum of both of AC and AVC
respectively.

AC =

(¢) In the graph below show the firm’s supply curve.

Average costs are the highest u-shaped function, average variable costs
are the lower u-shaped function, and marginal costs are the upward
sloping line. We know that all of these curves must have these shapes
because ¢’ (Q) > 0. The supply curve is the darkened line, it is 0 up
to the P where AVC=MC and the line given by P=MC at that price
and above.

3. Hulusi’s Hen House produces eggs (E) using the production function E =
12HBF, if the price of a Hens (H) is wy, and the price of Feed (F) is wy.
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(a) Set up the Lagrangian and solve for the cost function.
min max £L(H,F,\) = wpH +wpF + \NE — 12H®F)

The conditions for an interior optimal solution (H>0, F>0) to this
problem are;

9L = w, —96AFH" =0 wy, = 8\E/H
L —ws—12AH*=0 = w;=AE/F =
L =E-12H%F =0 E =12HSF
fw—F
E=12HF =
:%HQ%?

From this we can solve for the cost function:

c(E,wp,wy) =wpH* +wpF*

w 1
2wy 1 (B3 =L)5wy
= w _—)9 +w h
h( 3 h) 8wf
— AE?
3 108
A:§2%3§'w%'w,§

now obviously it takes some tricky algebra to figure out A (I used

a computer program) but figuring out that the cost function is E3s
times some function of prices is fairly easy.

(b) Using the cost function find the profit function—be careful to check
the second order conditions.

ANSWER:

So now our profit function is:
7 (p, wp,wy) = mngpE _ AE®
the first order condition is:
p— %AE%—1 =0

and the second order condition is:
1/1

8 .
——(=—1)AE 2= —AE5 2
9(9 ) Tt

48



and again with this production function we do not actually find the

profit maximizing level of output, but instead the profit minimizing!
If you think about it notice that:

1s increasing in E, and so if it’s profitable to produce at all you should
produce a large (infinite) level of output. But the key point is to
notice how easy it was to check.

1 la
p—gAEé_1 =p—2

4. Assume that a firm has the production function
f(K,L)=K3L#

(a) If K = L, and the wage is 3, then what is the price of capital (r)?
First set up cost minimization problem, i.e. Lagrangian:

minwL + 7K + (Q - L%K%>
LK

Then the first order conditions give:

These give: 3%
Now plug the given information (K=L and w=3) into this equation;
S=3xl=r=1

Now given w = 3, q = K%L%, r = 1, we can find critical points,
which will be required in the following questions, as follows:
3=3

1=3)MQ/K — N
Q—L%K%:O 2/VQ=A

If the price of output is 1, and profits are 5 (7 = 5) what is the level
of output of the firm?

T=pq—wL—rK
since it is given that;

r=5p=1, w=3, ¢g=K3L? r=1 K=1L
We have:

5=qg—3L—Land g=L?
then;
5=L°"—-4L=1"-AL-5=0=L=50r L=-1
since L > 0, we can conclude that L = 5. And then, 5 =q— 4L =
q = 25.
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(¢) Now solve for the profit function, being sure to check the second order
conditions.

our profit function is

™ (p7 w, T) = Ig%g(pf (K? L) —wL —rK
1.3
7 (p,w,r) = 1217%(])[(21/2 —wL —rK
and this has the first order conditions:

p%KéflL% —r=0

pgK%L%*l —w=0

solving the first one we get:
K = l 2L_3

4P 2
plugging this into the second one we get:

3 L2
sz— —w=0
L_E(Swr)%
=3
and
N3
. (%(3wr)5) L,
1 ,L 1 p 2 3zw?
K== 2~ _ 2 I
4p r2 4p r2 9 r3

which means that our profit function is:

1 3
2 33w\ ” (2 (Bwr)? )\’ 2 (3wr)? 2 33w?
W(p,w,r):p 9_p 7"% gT —w\ 5

—r—
9p 7’%

which is not a pleasant sight.

But heh, that’s an answer... FExcept
for one thing, we didn’t check our second order conditions?

There are three of these, write

II(L,K) =pf(K,L) —wL —rK
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then what we need for a maximum is:

Iz <0
IIgr <0
Oy g i — M >0

The first one is:

02 f 3\ /3 L i,
HLL_pW_p(é) (5-1)[(2[/2 >0

now this violates Iy, < 0, so we know that what we found above
is NOT the profit function. We have not found the top of the hill
with regards to L, in fact we’ve found the bottom, if Il > 0 then
increasing L will only increase your profit. But let’s check the other
ones for completeness.

0? 1 1 1 9.3
HKK:p—aKfz p<§> (— 1> K372L% <0

1 3 ;
e = (3) (5) w424

)G ) () G- (6) 6

which is quite messy. And we have another violation. But forget
that, wasn’t this entire experience just way too painful? The point
18 that it is really hard to check all of the second order conditions for
such a problem. It’s hard to check a two by two matriz. Compare
this with the situation where we do cost minimization above

5. Assume there are four firms in an industry all with the same total cost
function C (q) = 2¢*> + 8. Type a firms have a fixed sunk cost of 8 type b
firms have a fixed start up cost of 8.

(a) Find the marginal cost, average variable cost, and supply curve of
firms of type a.
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MC = 4q

22
Ave =L _ 9

MC > AVC
4q > 2q
g=>0

(b) Find the marginal cost, average variable cost, and supply curve of
firms of type b.

MC =4q

2
Ave - 2 t8

MC > AVC

22
Ag > q°+8

q>2
P,>4(2)=8

Ps: q

4
1
:_PS
1=7
P

1
21s Ps
S(PS){4O P,

VAN

8
8
(c) Explain why the two types of firms have different levels of sunk costs

when they are using the same technology.

These firms are at different points in their “life cycle.” Type a firms
have already made an irreversible investment in a plant, type b firms
have not made that investment.
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