Midterm: ggnl\él 21‘111 Games

Kevin Hasker
This exam will start at about 10:30 and will end around 12:10

Points will only be given for work shown.

1. (14 points) Honor Statement: Please read and sign the following state-
ment:

I promise that my answers to this test are based on my own work without
reference to any notes, books, or the assistance of any other person during
the test. I will also not offer assistance to others. Finally I will not use a
calculator or other electronic aid for calculation during this test.

Name and Surname:
Student ID:
Signature:

2. (8 points) Consider an n player game where each player has a finite number
of strategies. Will there be a Nash equilibrium of this game? Explain you
answer and discuss why this information is important.

Solution 1 As Nash proved, there is always a Nash equilibrium in a game
where all players have a finite number of strategies. Notice that (of course)
these equilibria might be in mized strategies—i.e. people will want to be
unpredictable.

This is vitally important since most interactions can be approximated as
having a finite number of strategies, and we know for a fact there must be
a Nash equilibrium in them. In other words we will never be looking for
an empty set.

3. (22 points total) Consider a game where there are two states of the world,
w1 and wsy. Player 1 does not know the state of the world and believes
Pr(w;) = 3. Player 2 knows the state of the world. Player 1 has the
strategies {A, B,C} and player 2 has the strategies {a, 3,7} if the state
is wy and {4, 7, x} if the state is wo. The Normal form games are:

w1 w2 BR2 (A) BR2 (B) BR2 (C)

o B gl 5 T X (7:9) (1. 7) (B, x)
A|0;3 |04 7,712 Al 752104 0;1 A T z 0
Bl &1 [ 42 |43 B[%42 [457 43 B 1 AT 1
cl0;1 [552]04 C |02 0;3 5; 512 C 0 0 51

wq w2 BR2 (A) BR2 (B) BR2 (C

o B g Y T X (8,x) (8,7) (a,0)
A |61 6;5% | 6;41 Al6:2 6;1 6; 31 A 6! 6 6
B[0:3 [8&52]0:2 B[0;4 [&72]0:3 B 14 8T 0
C[10;72[0;3 |0:4 c [10:32 [ 0,1 |0:2 c 0 0 107




w1 w2 BRsy (A) BRsy (B) BRsy (C)
o B v 5 T X (,x) (a,0) (a,7)
Al0;2 0;3 [ 7,52 Al051 0;4 7,512 A T 0 0
B[ 472 [ 437 |44 B[ 45244 |41 B I aT 1
C 532101 [0;2 C |02 55121 0;3 cC 0 g 51
w1 w2 BR2 (A) BR2 (B) BR2 (C
o B gl 6 T X (7, %) (a, 0) (7, 7)
AT0.T [0:4 105 A[0:2 [0;1 1032 A 107 0 5
B[R3Z[0:2 |0:1 B[R 72[0.4 [0:3 B 0 8T 0
C |63 6;21 | 6;5° C |64 6:7% 1 6:3 C 6 6 6!

(a) (6 points) Treating the game as if player 1 knows whether the state
is wy or we, find the pure strategy best responses of both players in
both games. You may use the table to mark your best response but
you will loose two points if you do not explain your notation below.

Solution 2 The best responses are marked in the games above, a 1
(2) in the upper right hand corner indicates this is the best response

for player 1 (2).

(b) (4 points) In the game as described, fill out the following table for
z€{A,B,C}.

Solution 3 See above, this is constructed for each game, I include
what each best response is for clarity.

(¢) (5 points) Using the table you just constructed, find the pure strategy
Bayesian Nash equilibrium of this game.

Solution 4 This is an error, in each game as constructed their are
three NE, for oll x € {A,B,C}, (z, BRs (x)) is a Nash equilibrium.
If you wrote down one I gave full credit.

(d) (7 points) Compare the Bayesian Nash equilibrium you found to the
best responses of the games played under full information (in part
a of this question.) What is peculiar about this equilibrium? What
does it show us about why we can not remove pure strategies from
consideration when they are never a weak best response?

Solution 5 Again, this is an error. There is no strategy that is
never a best response. Thus I gave full credit to everyone regardless
of whether they answered the question or not.

4. (20 points) About dominance and weak dominance.

(a) (4 points) Define a dominated strategy.

Solution 6 A dominates B if for alls_; € S_; u; (A, s_;) > u; (B, s_;).
Note the importance of stating it is the same strategy for all strate-
gies of the others.



(b)

(4 points) Explain why we can iterate the concept of dominance,
and conclude that as long as players are rational and this is com-
mon knowledge no one will use a strategy that does not survive this
process.

Solution 7 Clearly if I know you are rational I can assume you will
not play a dominated strategy, and I can delete it. Logically it seems
that we should be able to repeat this ad-infinitum, and there is a
theorem that proves that we can. To be specific no matter what our
process as long as we keep deleting dominated strategies in the current
game we will always end up with the same set of strategies. This
matters because it means that as long as we know everyone is rational
we will always arrive at the same conclusion.

(4 points) Define a weakly dominated strategy.

Solution 8 A weakly dominates B if for all s_; € S_; u; (A, s_;) >
u; (B, s—;) and for some s*; w; (A, s’ii) > u; (B, s’ii),

-1

(4 points) Explain why if players are rational and this is common
knowledge we can not safely iteratively remove weakly dominated
strategies.

Solution 9 I just want to say how pleased I was at your answers
to this question. Not only did you clearly basically get the point but
several of you came up with interesting points that I did not emphasize
in class.

Several noted that since something can be weakly dominated and a
best response we can remove a Nash equilibrium using this method.
That is fascinating, but not really that big of an issue. (Still worth a
significant amount of credit)

The fundamental problem is that the order of deletion can matter.
If we remove strategy s*, before B then B may no longer be weakly
dominated. Thus two rational people can disagree on what the end
process should be, thus it can not be an implication only of common
knowledge of rationality.

(4 points) Consider a modified game where every strategy will be
played with some small probability € > 0. Will there be any weakly
dominated strategies that are not dominated with this modification?

Solution 10 One of you got this. I am pleased that one of you did.
Let the number of strategies of other players ben+1 (# (S—;) =n+1)



and the number for i be m + 1 then for any s;

U; (Si, S_i) = (1 — me) (1 — n&) U (Si, S_i) +e€ Z Uy (Si, 5_1)
§7i€Sfi\S,i

+e Z (1 - na) U (gi, S_i) +e€ Z U; (5“ §_i)

5,€8i\si 5_,€8_;\s_i
U;(siy8—;) = (1—me)(l—ne)u;(si,5-:) +¢ Z (1 —ne)u; (8;,8-4)
5;€85i\si
+(1 —ma)a Z (% (Si,gfi)
5_;€8_i\s—i

+62 Z Z (7 (51'75—1‘)

.§1€SI\61 §,i€S,i\s,i

Ui(si,s—y)) = (1—-(m+1De)(l—-(n+1)e)u;i(s;,s—)+¢ Z (I—(n+1)e)u; (5;,5-)
5;€8:\s;

+(1—me)e Z w; (Siy5—i)

5_,€8_;

+e? Z Z u; (8;,5-;)

§,€S; 5_,€S5_;

Ui (siys—;)) = (I=(m+1De)(l—(n+1)e)u;(s;,5-;)+ (1 —me)e Z u; (85, 8-4)
5_;€8_;

+e Y, (I—(n+1)e)u; (5i5-4)
5;€8i\si

+e? Z Z u; (8;,5-4)

§,€S;5_,€S5_;

We note that the first line is now a function of s;, and the second
is a constant that only depends on s_;, the third is a constant that
depends on nothing.

Looking at the first line we notice that if A weakly dominates B

then in the first term u; (A,s—;) > wu; (B,s—;), and in the second
Sowi(A5) > > wi(B,5-;) by the definition of A weakly

5_,ES_; S5_,ES_;

dominates B, thus U; (A,s—;) > U; (B, s—;) in this modified game.

And of course I did not require this degree of detail in the answer. I



am merely being thorough in my answers.

NE

b x 01 x (21 Do (p%) Po P1 P2
4 3 {0}y x{2 3_2, 4 L 5
8 6 {0}x{2} g PN
6 9 {0}x{1,2} g ?01 % & s
2 3 {0x{L2} $-9m T T T

5. (80 points) Consider a war of attrition where they can fight for up to two
periods. Each player (i € {1,2}) can choose ¢; € {0,1,2}. They have a
symmetric payoff function which is:

b—th if &> tj
(17 (ti,tj) = % — th if ti = tj
—xti if ¢ < tj
for i € {1,2}, j #1i.

(a) (9 points) Convert this to a standard normal/strategic form game,
drawing the table below.

Solution 11 1 was shocked that only about half of you could do this,
and of those who could at least write the basic structure maybe 10%
got the payoffs wrong.

to =0 1= to =2
ty =0 %; % 0; b*(H 0; b%!
=160 12 -x8—x]-xb—x®
t1 =200 [ b—x;—xW | 5 x5 -—x2

Several of you decided to just write down an arbitrary simple game
and answer the question for that game. While if you just wrote down
the wrong payoffs I (generally speaking) graded the rest of the question
given this writing down a completely new game resulted in zero credit.

(b) (6 points) Find the pure strategy best responses of both players, you
may use the table you just drew but you will loose two points if you
do not explain your notation below.

Solution 12 [ use a 1 in the upper right hand corner if it is a best
response for player 1, a 2 if it is a best response for player 2. I have
used a parentheses when the answer depends on {b,x}. If b > x
then t; = 2 is a best response to t; = 1, otherwise t; = 0 is the best
response.

(¢) (6 points) Find the pure strategy Nash equilibria, explain why they
are Nash equilibria.



Solution 13 Ifb > x they are (0,2) and (2,0), otherwise (0,1) and
(1,0) are also NE. They are Nash equilibria because this is where best
responses intersect, or they are both best responding simultaneously.
Or (as one put it) given what the other is doing they have no incentive
to change their strategy. That is a better answer than mine, because
it does mot require you know what a best response is.

(9 points) Note that all the pure strategy equilibria are asymmetric,
or t7 # ¢;. Find the symmetric equilibrium, heavy partial credit will
be given for work towards the correct answer.

Solution 14 So I am pissed that so many of you could not construct
the game? I was so excited at how many of you realized this must be
a mized strategy equilibrium, and then many of you actually found it?
I note that in this equilibrium you have to solve for py and p; —two
variables, while in a standard mixed strategy equilibrium you have to
solve for p and g—two variables.

If there is no symmetric pure strateqy equilibrium since I have insisted
there is a symmetric equilibrium it must be in mized strategies. Let
pr = Pr(t;==x) for x € {0,1,2}. Then let po = 1 — p; — po for
simplicity and our three expected utilities are:

b 1
up (0,p) = Pog +p1(0) +(1—p1 —po)0 = 55100
b 1
w (L) = pol®)+r (5 x) + 0= =) (3) = b~ x+ 301+ 0
b 1 1 1
u1 (2,p) = po(b)+p1(b)+(1—p1—po) (5 - 2x> = 50 = 2x+ 5bpo + 5bp1 + 2xpo + 2xpr

At this point let me let % =c or x = bc then:

1
up (0,p) = §bpo
1
up (1,p) = bpo — (be) + §bpl + (be) po
1 1 1
ui (2,p) = §b —2(be) + §bp0 + §bp1 +2(bc) po + 2 (be) p1

to find pg I set

u (Ovp) = u (17p)
1 1
§bp0 = bpo— (be) + Ebpl + (be) po
_ 2c—m;m
Po = et



to find p1 I set:

Ui (Ovp)

1b 2c —
2c+1

2
lb 2c—p1
2 2c+1

2c—p
2c—1
2c—1

P1

Po

D2

Ui (27p)

1 1 (2c—p
§b2(bc)+§b<

2c+1

1 b
22c+1
8p1c® +2pic+1
8p1c® + 2pic+pr
(802 + 2c+ 1) p1
2c—1
2c+8c2 +1

(8p1c +2pic+1)

2c—1
2c - <m> 82— 2c+1

2c+1 82+ 2¢+1
2c—1 8c2 —2c+1
C2c4+82+1 82+2+1
2c+1
8c2 +2c+1

as it is a quadratic relatively simple solutions only occurred if p €

3 3

< 5}. Notice that the sensitive point is p1, if ¢ < % then p1 < 0
and one has to resolve the problem assuming that p1 = 0. Obviously

I could not have this. But just to show you how if py = 0 then

=bpo
=bpo

Po

1 1
—b—2(bc) + §bp0 + 5?)(0) + 2 (be) po + 2 (be) (0)
1
—b(po — 4c+4cepy + 1)

(4c—1)

to verify we are correct we need to make sure uy (0,p*) > uq (1,p*)

U1 (O7p*)

U (171)*)

1

%b (5 (de — 1)> - %g (4e—1)
b <i (4c - 1)) ~ (be) + %b(@) + (be) <i (4c - 1))

16(3071)

1 2¢c—p1
> + §bp1 + 2(()0) <T+1> + 2 (bc)p1



—=(4c—-1 —-3c—-1
(e=1) > 72(Ge—1)
4c—1 > 6¢c—2
1 > 2
L > ¢

2

6. (6 points) Consider a Hotelling location model. There are L locations,

with ¢, (I € {1,2,3,...,L}) customers at each location, ¢; > 0. These
customers will go to firm a if |l, — 1| < |l — 1|, to firm b if |I, — 1] >
|Iy — | and otherwise half will go to each firm. Firms choose their location
(Il € {1,2,3,...,L} for z € {a,b}) to maximize their number of customers.
Prove business stealing or that BR,, (Ip) € {lp — 1,1p, 1, + 1}.

Solution 15 When thinking about my answer to this question I realized
that it is quite simple to derive the demand curve, and that makes it much
clearer. From the description we see that:

C
D, (la,ly) = Z ¢+ Elld(za,l):d(lb,l)
L:d(la,l)<d(ly,l)

where 1, is the indicator function, 1, = 1 if x is true and 0 otherwise. If
lg <lp thend(lo,l) =d(lp, 1) ifl—1lo =1 —1, orl= la + %lb thus

Cl,+11 ‘
Do(lal) = Y a+ 5 =14 s dne(123..0) Fla <l
I<$lat+3l

Likewise if l, > l;, then

Clo+41

_ aT3blb -

Do(lal) = Y. a+ 5 Littinefr2s...Ly Fla>1
>4+

and clearly if lo, =1y Do (I, lp) = %ch thus:
1

Clla+dly ‘
> at+ =5l uenesny U la<lb

D, (la,lb) = %ch if la=

Clig+L1
Z Cl+_2_2_b

11l+llbe{1,2,3 ..... LY if la>1
1>3l,4+31,

given this we can then easily answer the question. If 1 <l, <, — 1 then

Cli 431
Dy (la +1,1y)=Dq (las lp) = QTQI)1%la+%lb€{1,2,3,...,L}+QT1 la+i+11,€{1,2,3,.
where we notice that either %la + %lb €{1,2,3,..,L} or %la + % + %lb €

{1,2,3, ..., L}. Either way it is strictly positive, thus the demand is strictly

increasing in l,.

L}



Likewise if I, + 1 < l, < L then

Cllat3l

Ci; _1
Da (la - 17lb)_Da (laalb) = Qla—2+

1
_lb
2 2
B 1%la7%+%lb€{1,2,3,...,L}+—2 1§la+§lbe{1,2,3,...

which is strictly decreasing in l,. Thus BR, (Ip) € {lp — 1,lp,1p + 1}. To
be precise:

ch Zf la:lbfl

I<lp

Do (BRa (1), 1) = %;cz it la=1
Z Cy Zf la == lb + 1
1>y

This also makes it clear that if I, < l,, where l,,, is a median location,
then > ¢ > %ch > cqandl, =1y +1 and if I, > 1, then > ¢ >
1> l I<ly I<lp

%ch> e andly, =1+ 1.
7 1>,

L}



